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INFINITENESS OF /U-TYPES OF GAUGE GROUPS 


DAISUKE KISHIMOTO AND MITSUNOBU TSUTAYA 


Abstract. Let G be a compact connected Lie group and let P be a principal G-bundle over 
K. The gauge group of P is the topological group of automorphisms of P. For fixed G and K, 
consider all principal G-bundles P over K. It is proved in [CS, Ts] that the number of A„-types 
of the gauge groups of P is finite if n < oo and AT is a finite complex. We show that the number 
of Aoo-types of the gauge groups of P is infinite if K is a sphere and there are infinitely many P. 


1. Introduction 

Let G be a compact connected Lie group and let P be a principal G-bundle over a base K. 
The gauge group of P, denoted by 5f(P), is the topological group of all automorphisms of P, 
i.e. G-equivariant self-maps of P covering the identity map of K , where the multiplication is 
given by the composite of maps. In [ S], Crabb and Sutherland pose the following problem. For 
fixed K and G, consider all principal G-bundles P over K: is the number of homotopy types of 
5f(P), or of P£f(P), finite? Of course the problem makes sense when there are infinitely many 
principal G-bundles over K, or equivalently, the homotopy set [K, BG ] is of infinite order. The 
first example of this problem is formerly considered by Kono [ ]: when G = SU(2) and K = S' 4 , 
there are exactly 6 homotopy types of £f(P) while 7r4(PSU(2)) is of infinite order. This result is 
actually a consequence of the complete classification of homotopy types of £f(P) for G = SU(2) 
and K = S 4 . There are several such examples [HK1, HK2, KKKT, T1 ]. In a general setting, 
Crabb and Sutherland [( ] prove that when K is a finite complex, the number of homotopy 

types of £f(P) is finite. They actually prove a stronger result that when K is a finite complex, 
the number of H-types (i.e. homotopy types as H-spaces) of £f(P) is finite. Recall that there 
are intermediate classes of spaces between H-spaces and loop spaces, called A n -spaces [St], where 
//-spaces are /l 2 -spaces and loop spaces are Hoc-spaces. So it is natural to count the number of 
A n -types (i.e. homotopy types as H n -spaces) of gauge groups, and the second named author [Ts] 
generalizes the above result of Crabb and Sutherland to H n -types: when K is a finite complex 
and n < oo, the number of H n -types of (P) is finite. This generalization makes (in)hniteness of 
the number of homotopy types of BW(P), or equivalently, Hoo-types of 5f(P), more meaningful. 
As for Hoo-types of < &(P), there is only one example due to Masbaum [Ma]: for G = SU(2) and 
K = S' 4 (the same situation as Kono’s example) the number of Hoo-types of (P) is infinite. This 
is a consequence of the cohomology calculation of B&(P) for the above special K and G. In 
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this paper, we prove infiniteness of the number of A^-types of £f(P) in a more general setting by 
investigating A n -types of gauge groups. 

Theorem 1.1. Let G be a compact connected simple Lie group. As P ranges over all principal G- 
bundles over S d , if there are infinitely many isomorphism types for P, then there are also infinitely 
many A^-types of gauge groups £f(P). 

As in [ ] and [AB], it is well-known that the connected component of the mapping space 
map(iP, BG) containing a map a\ K —x BG has the weak homotopy type of the classifying space 
of the gauge group {a*EG) . Hence the above theorem also implies that infinitely many different 
weak homotopy types appear among the connected components of map (S d ,BG). 

This work began during the authors’ stay at University of Southampton. They would like to 
thank University of Southampton for hospitality, and would also like to thank Stephen Theri¬ 
ault for invitation and fruitful conversation. The first author was partially supported by JSPS 
KAKENHI Grant Number 25400087. 


2. Preliminaries 

This section collects properties of A n -maps and unstable algebras over the Steenrod operations 
which we will employ. 

2.1. A n -maps. In this paper, A„-maps mean A n -maps between topological monoids while there is 
a generalized definition of A n -maps between A n -spaces. This section collects basics of (fiberwise) 
A n -maps between (fiberwise) topological monoids. We first recall the definition of A n -maps be¬ 
tween topological monoids due to Stasheff, where our references for A n -maps between topological 
monoids are [St] and [Fu], 

Definition 2.1. A map /: X —X Y between topological monoids X,Y is called an A n -map if 
there is a collection of maps {hi'. P~ l xl 1 A U}” =1 satisfying h\ = / and for i > 1 

K(t l , • • •, U—i] X \j • • • j xf) 

_ f hi—i(t \,..., tj ,..., tj_i, xi ,..., XjXj. |-i, • • •, xf) tj 0 

hj {fii • • • j tj— i, X \,..., Xj)hi-j[tj- |_i,..., ti— i, Xj- |-i,..., xf) tj 1. 

A homotopy equivalence between topological monoids which is an A n -map is called an A n - 
equivalence. A n -maps between topological monoids have the following properties, implying that 
A n -equivalences yield an equivalence relation. The equivalence classes are called A n -types. 

Proposition 2.2. (1) The composite of A n -maps is an A n -map. 

(2) The homotopy inverse of a homotopy equivalence which is an A n -map is an A n -map. 

In [ K], a straightforward generalization of A n -maps to fiberwise topological monoids is intro¬ 
duced, and it is shown that they have analogous properties in Proposition 2.2. Then a fiberwise 


INFINITENESS OF A^-TYPES OF GAUGE GROUPS 


3 


homotopy equivalence between fiberwise topological monoids which is a fiberwise A n -map is called 
a fiberwise A n -equivalence, and fiberwise ^-equivalences yield an equivalence relation. 

We now return to the usual A n -maps. It is complicated to verify that a given map is an 
A n - map by checking definition. There is a useful equivalence condition for a map being an A n - 
map. For a topological monoid X , let P n X be the n-th projective space constructed by n-times 
iterated use of the Dold-Lashof construction. We denote the classifying space of X by BX , i.e. 
BX = P°°X. If a map /: X —> Y between topological monoids X, Y is an A n -map, it induces a 
map P n f : P n X — y P n Y satisfying the homotopy commutative diagram 

(2.1) EX —~—f YY 

l pnr T 

P n X —U P n Y 

where the vertical arrows are the canonical maps. The following proposition shows that the 
existence of a map like P n f is a necessary and sufficient condition for / being an A n - map. 

Proposition 2.3. Let X and Y be grouplike topological monoids. Then, a map f: X —>• Y is 
an A n -map if and only if there is a map f: P n X —» BY satisfying the homotopy commutative 
diagram 

s f 

EX —E Y 
P n X -?—> BY 

where the vertical arrows are the canonical maps. 

2.2. Unstable algebras. Throughout this subsection, the ground field of algebras, including the 
Steenrod algebra, are Z/p, and maps between algebras with actions of the Steenrod algebra, not 
necessarily unstable, preserve these actions. We first recall results on embeddings of unstable 
algebras into H*(BT e ]Z/p) due to Adams and Wilkerson which we will employ, where we refer 
to [AW] for more precise statements. Algebraic and integral extensions of graded algebras are 
defined in the same manner of usual rings by using homogeneous polynomials. We consider the 
following condition of graded algebras: 

(2.2) K* is a connected finitely generated graded domain and K odd = 0. 

Unstable algebras satisfying (2.2) in mind are the cohomology H*{BG\ r L/p ) for a connected 
compact Lie group G without 71 -torsion in integral homology and its unstable subalgebras. 

Theorem 2.4 (Adams and Wilkerson [AW, Theorem 1.1 and 1.6]). If an unstable algebra K* 
satisfies the condition (2.2), there is an algebraic extension 

K* -A H*(BT e ;Z/p ) 

for some I, which is unique up to automorphisms of H*(BT L ,Z/p). 
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Theorem 2.5 (Adams and Wilkerson [AW, Proposition 1.10]). Let K* —» H*(BT k ;Z/p) and 
L* —> H*(BT e ;Z/p ) be algebraic extensions of unstable algebras K*,L* satisfying (2.2). Then for 
any map K* —$■ L*, there is a dotted filler in the commutative diagram 

K* -> H*(BT k ; Z/p) 

i 

i 

4 , 

L* - >H*(BT £ -Z/p). 

We will need to convert algebraic extensions of unstable algebras to integral extensions in order 
to compare the Krull dimensions. This is possible by the modification of the results of Wilkerson 
[ ] in [N] which we recall here. We set notation. Let K* be a graded algebra satisfying (2.2) 

on which the mod p Steenrod algebra acts (not necessarily unstably). As in [ ] (cf. [ V]), the 
unstable part of K* is defined by 

( K *) := {x G K* | 2? >r = 0 for 2r > deg TP 1 + |x| for any multi-index /}, 
where for a multiindex / = (ii, ... ,i s ), we put & 1 := F? 11 ■ ■ ■ F? ls . 

Proposition 2.6 (Neusel [N, Proposition 2.3]). Let K*,L* be graded algebras satisfying (2.2) on 
which the Steenrod algebra acts, not necessarily unstably. If K* —> L* is an integral extension, 
then —>■ ^/(L*) is an integral extension. 

As in [ V], if a graded algebra has an action of the Steenrod algebra, then its ring of fractions 
inherits the action. In the next proposition, the field of fractions Q(K*) of an unstable algebra 
K* is considered as the “homogeneous portion” in [ A, Proposition 2.3] or the “field of fractions” 
in [N], 

Proposition 2.7 (Neusel [ \, Theorem 2.4], Wilkerson [ V, Proposition 3.3]). For a graded algebra 
K*, let K* denote the integral closure of K* in its field of fractions Q(K*). 

(1) If K* is an unstable algebra satisfying (2.2), then 

W(Q(K*)) = ~K*. 

(2) If K* is an unstable algebra which is a UFD satisfying (2.2), then 

fy(Q(K*)) = K*. 

Remark 2.8. The definitions of the unstable parts in [ ] is slightly different from ours [N], but 

we can prove Proposition 2.7 in the same way as Proposition 3.3 of [ ]. 

Corollary 2.9. Let K* be an unstable algebra satisfying (2.2). Then any algebraic extension 
K* —y H*(BT L ,Zj/p) is an integral extension. 

Proof. Put L* := H*(BT r ,Z/p). Then Q(K*) —> Q(L*) is an algebraic extension of fields, so it 
is an integral extension. Then it follows from Proposition 2.6 that W(Q(K*)) —» H/(Q(L*)) is an 
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integral extension. Now by Proposition 2.7, we have ^(Q(K*)) = K* and ^(Q(L*)) = L*, so 
we get a sequence of integral extensions 

K* —► K* -A L*. 

Then the composite is an integral extension which can be identified with the original algebraic 
extension K* —)■ L* by the uniqueness of Theorem 2.4, completing the proof. □ 

We next recall Aguade’s calculation of the T-functor. Let G be a compact connected Lie group 
such that if*(G;Z) is p-torsion free. Then the mod p cohomology of BG is isomorphic to the 
invariant ring of the action of the Weyl group of G on H*(BT ; Z/p), where T is a maximal torus 
of G. Let V be the canonical elementary abelian p-subgroup in T, and let j: BV —> BG denote 
the canonical map. We denote the T-functor associated with V by T v . 

Proposition 2.10 (Aguade [A, Proposition 4], Lannes [L, Proposition 3.4.6]). There is an iso¬ 
morphism 

Tf H*(BG; Z/p) ^ H*(BT]Z/p ) 

where the left hand side denotes the component of j* in TyB*[BG\ r L/p). 

3. Proof of Theorem 1.1 

The outline of the proof of Theorem 1.1 is as follows. Let G be a compact connected Lie group 
such that 7ici-i(G) is of infinite order, and let P be a principal G- bundle over S d which is classified 
by a G Hd-i(G). Note that the infiniteness of Hd-i(G) is equivalent to that there are infinitely 
many P. We first prove that given a positive n. if a is divisible by p N for N large, then ^(P)( p ) 
and @(S d x G)( p ) have the same A n -type. We next prove that if ^(P)( p ) and &(S d x G)( p ) have the 
same A n -type for n,p large and G simple, then a is divisible by p. Then since there are infinitely 
many primes, we conclude that there are infinitely many A^-types of £f(P) when P ranges over 
all principal G-bundles over S d . In the both parts, the obstruction theoretic description of the 
A n -triviality of the adjoint bundle of P as in [ ] is fundamental, and in the second part, the 

results of unstable algebras in Section 2 underlie technical arguments. 

To recall the above mentioned result of Kono and the first author [KK], we briefly recall hberwise 
objects appearing in it. A space X equipped with a map p: X —> B is called a fiberwise space 
over a space B. The given map p is called the projection. A map X —y Y between hberwise 
spaces over B is called a fiberwise map if it commutes with projections. For a hberwise map 
m: X Xb X —y X from the hber product of X and itself and a section s: B —> X, the triple 
A" = ( X,m,s ) is called a fiberwise topological monoid if m o (1 x m) = m o (m x 1) as maps 
X Xb X Xb X —> X and mo(l,sop) = mo(sop, 1 ) = 1 as maps X —> X. We say a hberwise 
topological monoid X is a fiberwise topological group if there is a hberwise map v : X —y X such 
that m o (l,i/) = mo (u,l) = sop. Like A n -maps and ^-equivalences between topological 
monoids, fiberwise A n -maps and fiberwise A n -equivalences between hberwise topological monoids 
are dehned. 
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Let G be a compact connectd Lie group, and let P be a principal G-bundle over a base K. 
Define adP by 

adP = (P x G)/ ~ 

where (x,g) ~ (xh, h~ l gh) for x G P and g,h G G. Then the projection adP —* K is a fiber 
bundle over K with fiber G which we call the adjoint bundle of P. As in [KI\], ad P is a fiberwise 
topological group over AT, and then in particular, the space of all sections T(adP) becomes a 
topological group by the pointwise multiplication. Let ad P( p ) denote the fiberwise /^-localization 
of adP. By the standard Moore path technique, we may assume that adP( p ) is a fiberwise 
topological monoid as well as G( p ). It is shown in [AB] that there is a natural isomorphism of 
topological groups 

Sf(P) = r(adP) 

from which we get an A^-equivalence 

nP)(v) - r(adP w ). 

We connect the triviality of adP with the gauge group of P. The restriction to the fiber at the 
basepoint yields a homomorphism of topological groups 

7T: Sf(P) ->• G 

which is identified with the map T(adP) —> G substituting the basepoint of K. If n has a right 
homotopy inverse a, the map 

K x G —y ad P, (x,g) H> a(g)(x) 

is a fiberwise homotopy equivalence, where we regard a(g) as a section of adP by the above 
isomorphism. In [ ] this is generalized in the context of fiberwise A n -types. For a given Aoo- 

map, we call its right homotopy inverse which is an A n -map by an A„-section. 

Theorem 3.1 ([KK]). The adjoint bundle ad P is fiberwise A n -equivalent to the trivial bundle 
K x G if and only if tt has an A n -section. 

Let P a denote the principal G'-bundle classified by a map a: K — y BG. As in [ ] and [AB], 
there is a natural homotopy equivalence 

B&(P a ) ~ map (AT, BG] a) 

where map(X, Y; /) denotes the space of maps from X to Y which are (freely) homotopic to /. 
Evaluating at the basepoint of A", we get the fibration 

lu : map(A", BG; a) —> BG 

with fiber map 0 (A", BG; a), where map 0 (A, Y; f) is the space of basepoint preserving maps from X 
to Y which are freely homotopic to /. By construction, the map n: P a ) —> G is identified with 
Du; through the above homotopy equivalence. Using this identification, we show an obstruction 
theoretic description of existence of an A r( -section of tt. Let j n : YG P n G and i\ : YG —> BG 
be the canonical maps. 
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Lemma 3.2 (cf. [ ]). The map n: £f( P a ) —y G has an A n -section if and only if there is a map 

K x P n G BG satisfying the homotopy commutative diagram 

K V TjG BG 

incl 

K x P n G -» BG. 

Proof. As above, we identify n with fica. By Lemma 2.3, there is an A n -section of if and only 
if there are maps s: G —> flmap(/l, BG; a) and s: P n G -A map (A, BG: a) satisfying ficu o s ~ 1 G 
and the homotopy commutative diagram 

EG EfImap(A, BG; a ) 

jn 

P n G —> map (A. BG; a). 

Thus by taking adjoint, we obtain the desired result. □ 

Remark 3.3. We here remark that Theorem 3.1 and Lemma 3.2 hold if we localize at p. 

We first show an implication of the divisibility of a map a on the triviality of the adjoint bundle 
adP a . From now on we set K = S d . Then we have a G H d (BG) = H d -i (G). 

Lemma 3.4. For any f: X — » BG, the connecting map d : ir^(BG) -A 7r*_ 1 (map 0 (X, BG; /)) of 
the evaluation fibration is trivial after rationalization. 

Proof. Since G is a Lie group, BG(p) is a product of Eilcnberg-MacLane spaces, so it is in 
particular an H-space. Then map (X, BG; f)( 0 \ is hberwise homotopy equivalent to BG( 0 ) x 
map 0 (X, BG; /)(o), implying that the map cu*: 7r*(map(X, BG; /))(o) —> 7r*(PG)(o) is surjective. 
Thus the proof is done. □ 

Proposition 3.5. For given n, there is an integer N such that if a G iidi.BG) is divisible by 
p N , then the fiberwise p-localized adjoint bundle (adP a )(p) is fiberwise A n -equivalent to the trivial 
bundle S d x G( p ). 

Proof. It is sufficient to show that if a is divisible by p N for some N , then there is a map 
/i: S d p ^ x P n G ( p ) —* BG(p) which restricts to a V {i n )( P ) ■ S d p ^ V P n G( p ) —* BG(p) up to homotopy, 
where i n : P n G —y BG is the canonical inclusion. Indeed for i n oj n ~ i 1 , existence of /j implies that 
(adP a )(p) is hberwise A n -equivalent to Ji x G( p ) by Lemma 3.2. By adjointness the map /i ex¬ 
ists if and only if is in the image of the induced map cu*: 7r rf (map(P n G( p ), BG^y, i n )) 

7 Td(BG(p)), which is equivalent to that 9(a( p )) = 0 for the connecting map d: h rf (PG)( p ) —)■ 
7 Trf_i(map 0 (P n G, BG; i n ))( P )- By Lemma 3.4 this connecting map d is trivial if we rationalize, 
so its image is of finite order. Then if a is divisible by p N for N large, we have <9(a( p )) = 0, 
completing the proof. □ 
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We next show an implication of the triviality of ad P a on the divisibility of the classifying map 
a. By the Hopf theorem, we have a rational homotopy equivalence 

G — (o) 5 2ni " 1 x • • • x S 2 ^- 1 

for ni < ■ ■ ■ < ri£, where n\,... ,ne is called the type of G. For p > ri£, there is also a p-local 
homotopy equivalence 

(3.1) G ~(p) S 2ni ' 1 x • • • x S 2n *-\ 

Hereafter we always assume p > m. Notice that the mod p cohomology of BG is given by 

H*(BG ; Z/p) = Z/p[y 2ni ,. ■ ■ ,Z/ 2 nJ, |j/2nJ = 2m. 

Here we regard that y 2ni corresponds to the sphere S 2ni l in (3.1), so even if m = n 3 for some i, j, 
we distinguish y 2n . and y 2nj . The following replacement of maps between unstable algebras allows 
us to apply the results in Section 2. 


Lemma 3.6. Ifn > n^+p— 1 and K* is an unstable algebra, then for any map <f\ H*(BG ; Z/p)* —y 
K* <g) H*(P n G; Z/p) of unstable algebras, there is a dotted filler in the commutative diagram of 
unstable algebras 

H*(BG ; Z/p) — — K* ® H*(BG ; Z/p) 

mil 

H*{BG ; Z/p) K* ® H*(P n G ; Z/p) 


Proof. The homotopy fiber of i n is the join of (n + l)-copies of G whose mod p cohomology is 
trivial in dimension < 2 n since G is connected. Then we see that i n is an isomorphism in mod p 
cohomology of dimension < 2 n, implying that the dotted filler, say p, exists as a maps of graded 
algebras. The map Lp actually respects the Steenrod operations. Indeed, for n > m + p — 1, 

<p(0y2ni) = (! ® C)"V(% 2 nJ = ^(1 ® C)'V(l/ 2 nJ = Op(y 2n J for 6 = /3, 


and since we are assuming p > m, 

pk y ni ) = 0 = ^ pk ip(y ni ) for k > 1. 

k 

Then since the Steenrod algebra is generated by (3, for k > 0, the proof is completed. 


□ 


Proposition 3.7. Suppose d > 4 and a is of infinite order. If the fiberwise p-localized adjoint 
bundle (ad P a )( p ) is fiberwise A n -equivalent to S d x G( p ) for n = ne + p — 1, then a is divisible by 

p. 


Proof. We show a contradiction by assuming a is not divisible by p. Since a is of infinite order, 
d = 2 m for some i. Then by (3.1), we have a*(y 2ni ) = u, where u is a generator of H d (S d ;Z/p). 
Since (adP Q )( p ) is fiberwise H n -equivalent to S d x G( p ), there is a map p: S d p ^ x P n G(p ) —> BG( P ) 
which restricts to 0 ( p ) V (ii)( p ): S d p ^ V £G( P ) —> BG( P ) up to homotopy by Lemma 3.2. Then for n = 
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n>e + p — 1, it follows from Lemma 3.6 that there is a map of unstable algebras <f>: H*(BG ; Z/p) —y 
H*(S d ; Z/p) <8> H*(BG ; Z/p) satisfying (1 <gu*) o $ = p*, so we have that the composite 

Z/p) A H*(S d ; Z/p) (8) LP(PG; Z/p) P*(PG; Z/p), 

say </>, satisfies z* o f> = z*. Hence is an isomorphism between modules of indecomposables, 
implying that </> is an isomorphism of unstable algebras. Thus the composite 

H*(BG ; Z/p) !P(S d ; Z/p) ® H*{BG\ Z/p) H*(S d ] Z/p) <8> H*{BG\ Z/p) 

denoted by T is a map of unstable algebras which projects to the identity map of H*{BG\'L/p) 
and satisfies v L(y 2ni ) = u <8) 1 + other terms. 

Let T be a maximal torus of G and let V be the canonical elementary abelian p-subgroup of T 
of rank i. Consider the composite of the maps of unstable algebras 

H*(BG- Z/p) H*(S d ; Z/p) (8) H*(BG; Z/p) H*(S d ; Z/p) (8) H*{BV\ Z/p) 
where j : BV —>■ BG is the canonical map. Then by taking adjoint, there is a map 

<p: Ty H*(BG', Z/p) —> H*(S d 'Z/p) 

such that the composite of <p and the natural map g: H*{BG]h/p) —> H*(BG]’L/p) sends 

Him to u, where T v means the Lannes T-functor associated with V and Tf H*{BG\7L/p') is the 
component of j* in TyH*(BG] Z/p) as in Section 2. This is a contradiction by Proposition 2.10 
since d > 4. □ 

As in the proof of [ , Theorem 1.2], the A n -triviality of (adP a )(p) implies that 3f(-P Q )( p ) and 

&(S d x G)[p) have the same A n -type. We show the converse under some conditions. For this, we 
investigate self A n -maps of simple Lie groups. 


Lemma 3.8. If G is simple and K* is a finitely generated non-trivial unstable subalgebra of 
H*[fBG\TL/p), then 

diniKruii K* = diniKruii H*(BG; Z/p). 


Proof. Since H*( K BT\ r L/p) is a finitely generated H*(BG\ Z/p)-module for p > ne, the natural 
map H*(BG]7j/p) —y iL*(PT; Z/p) is an integral extension. Since K* satisfies (2.2), it follows 
from Theorem 2.4 and 2.5 that there is an algebraic extension K* —> H*fiBT k \7h/p ) for some k 
which satisfies a commutative diagram of unstable algebras 


K* - 

incl 

H*(BG ; Z/p) 


■> H*(BT k ] Z/p) 


■» H*(BT; Z/p). 


By definition is obviously injective. We now consider the action of the Weyl group W of 
G on H*[BT\7Lfp). Since H*(BG\h/p) is a ring of invariants of W and K* is its subalge¬ 
bra, K* consists of invariants of W. Then since K* H*(BT k ] Z/p) is an algebraic exten¬ 
sion and H*(BT k \ r L/p) is algebraically closed by the uniqueness of Theorem 2.4, we have that 
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W<f>(H*(BT k ]'L/p)) = <f[U*[BT k \7L/pf). So the 2-dimensional part (f(H 2 (BT k ;Z/p)) yields a 
representation of W. Since k > 0 by the non-triviality of K* and the action of W on H 2 (BT ; Z/p) 
is an irreducible representation, we must have fi(H 2 (BT k ; Z /p)) = H 2 (BT; Z /p), implying that 0 
is an isomorphism. Then we obtain 

dim K ruii K* = diniKruii H*(BT k ; Z/p) = dim Kr uii H*(BT- Z/p) = dim Kr uii H*(BG; Z/p), 
where the first equality follows from Corollary 2.9. □ 

Lemma 3.9. Suppose G is simple. If a map <p: H*(BG ; Z/p) —> H*(BG ; Z/p) of unstable algebras 
is non-trivial, then it is an isomorphism. 

Proof. By assumption, Imp is a non-trivial unstable subalgebra of H*{BG]7L/p\ so by Lemma 
3.8, we have dimKruiiI m P = dimKruii H*(BG ; Z/p). The kernel of p is a prime ideal since Im p is a 
domain. In particular, if p is not injective, diniKruii Im p < dimKruii H*(BG\ Z/p), a contradiction. 
Then p is injective, and hence it is an isomorphism since H*(BG ; Z/p) is of finite type. □ 

Remark 3.10. Lemma 3.9 may alternatively be proved by calculating the action of the Steenrod 
operations using the mod p Wu formula in [Sh] and the description of H*(BG ; Z/p) in [HKO] for 
G exceptional. 

Proposition 3.11. Suppose G is simple and n = ne + p — 1. Any A n -map p: G( p ) —> G( p ) which 
is non-trivial in mod p cohomology is a homotopy equivalence. 


Proof. By Proposition 2.3, there is a map <p: P n G ( p ) —> BG ( p ) satisfying a homotopy commutative 
diagram 


EG 


(p) 




4 EG 


(p) 


-P n G( p )-> BG(jp). 

Then <p is non-trivial in the module of indecomposables of mod p cohomology of dimension < 2n^. 
By Lemma 3.6, there is a map of unstable algebras (p\ H*(BG\'L/p) —)■ H*{BG\ r Lfp) satisfying 
i* o ip = (p*. By the non-triviality of (p* above, (p is also non-trivial. Then by Lemma 3.9, <p is 
an isomorphism, implying that is an isomorphism in the module of indecomposables of mod p 
cohomology. So ip is an isomorphism in mod p cohomology, and therefore since G is of finite type, 
(p is a homotopy equivalence by the J.H.C. Whitehead theorem. □ 

Proposition 3.12. Suppose G is simple, p > 2 ng, n = + p — 1 and a is of infinite order. If 

P a )(p ) is A n -equivalent to ( ,${S d x G)( p ), then the fiberwise p-localized adjoint bundle (ad P a )( p ) 
is fiberwise A n -equivalent to S d x G( p ). 


Proof. Let g: c 3(S d x G)( p ) —> P a )( p ) be an ^-equivalence, and dehne /: G( p ) —> G( p ) by the 

composite 


G (p) &(S d x G) (p) A ^(P a )(p) G (p) 
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where a: G —> c $(S d x G ) is the canonical section of the map tt: ( ${S d x G) —> G. Since < 7 ( p ) 
and 7 T( p ) are A^-maps and g is an A n - map, / is an A n -map. We shall show that / is a homotopy 
equivalence. We consider the map 7r: ^(Pp) —> G in homotopy groups for a map fi G 7 Td(BG). As 
in [To], we have 

n /g2fc-l\ 1 ^(p) * = 2/c — 1 

(p) _ \o 0 < * < 2p + 2fc - 5 and * ^ 2fc - 1. 

Then by (3.1), we get 


(3.2) 


7T*(G(p)) = 



* = 2m — 1 and G = Spin(4m) 

* = 2n± — 1,..., 2 rii — 1 and the above condition fails 

0 < * < 2p — 1 and * 2n± — 1,..., 2 n# — 1. 


Consider the homotopy exact sequence 


^2i-l(^ d G(p)) —■ y 7 ^2i-l{ < ^(Pp)(p)) —^ 'K2i-l{G(p)) —> 7T2i_2(f2 d G( p )) 

associated with the homotopy fibration Q d G —$■ &(Pp) —>■ G corresponding to the evaluation 
hbration Vt d ~ l G —y map(S' d , BG\ j3) —>■ BG. Since a is of infinite order, d = 2 ni for some 
i. Then by (3.2) and p > 2ni, we have 7r 2ni _i(fi d G( p )) = 0 and 7r 2nf _2(fi d G( p )) = 0, imply¬ 
ing that 7T*: 7r 2n ^_i(£f(P/ 3 )(p)) —> 7r 2n( ,_i(G( p )) is an isomorphism. Then in particular the maps 
cr*: H 2 n t -i{G(p)) -A 7T 2ri£ _i(^(S" i x G) (p) ) and 7r*: 7r 2n£ _i(^(P Q )( p )) -A 7r 2n< ,_i(G( p )) are isomor¬ 
phisms, and hence /*: 7r 2ri£ _i(G( p )) —* 7T 2n< ,_i(G( p )) is an isomorphism. Since the Hurewicz map 
712^-1 (G( P )) —)■ QH 2 n( i-i(G( p )) is an isomorphism, it follows from the naturality of the Hurewicz 
map that /*: QH 2ne _i(G( p )) —>• QH 2ne -i(G ( p ' ) ) is an isomorphism, implying / is non-trivial in 
mod p cohomology, where QA is the module of indecomposables of a ring A. Thus by Propo¬ 
sition 3.11, / is a homotopy equivalence. Now the composite g o <j( p ) o / _1 is an A n -section of 
7T( p ): 5f(P a )( p ) —$■ G(p). Therefore (adP a )( p ) is hberwise A n -equivalent to S n x G( p ) by Theorem 
3.1. □ 

Corollary 3.13. Suppose G is simple, p > 2ri£, n = + p — 1 and a is of infinite order. If 

3f( P Q )(p ) is A n -equivalent to S d x G)( p p then a is divisible by p. 


Proof. Since G is simple, we have n\ > 2, implying d > 4. Then the proof is done by combining 
Proposition 3.7 and 3.12. □ 


We now obtain: 


Theorem 3.14. Suppose G is simple, p > 2 and (3 G nfiBG) is of infinite order. If a is not 
divisible by p and N is large enough, then 5f(P a )( p ) is not A n -equivalent to 5f(P p jv Q )( p ) for some n. 

Proof. Combine Proposition 3.5 and Corollary 3.13. □ 

Proof of Theorem 1.1. Let P\,P 2 ,... be primes greater than 2 m, and let Ni, N 2 , ... be large in¬ 
tegers. Let Pfc denote the principal G-bundle over S d corresponding to fc-times an infinite order 
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generator of 7r d (BG). Then by Theorem 3.14, £f(P Nl N k ) for k > 1 have distinct Aoo-types. 

Pi "Pk 

Therefore the proof is completed by the infiniteness of primes. □ 
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